In a recent article, Sumi [J. Chern. Phys. 67, 2943] has discussed the optical line shape of an exciton interacting with phonons using a Gaussian Markov process for this interaction. By assuming that the correlation time of the process is nonzero, he was able to explore various limits of (motional) narrowing of the line. His analysis used a dynamic coherent potential approximation (CPA) in order to calculate the line shape. In the present paper, we derive these results in closed analytic form, without the CPA, by using standard analysis. Since our results agree with Sumi very closely, the present approach provides a simple way of understanding the underlying physics. In addition, we show how the exciton density of states enters in a simple way, and compare the hemicircular and the Lorentzian forms for this density of states.
I. INTRODUCTION
One of the most readily available means of gaining experimental evidence about the microscopic interactions in a system consists in analyzing its optical line shape.
1 However, since the information that line shapes provide is not very detailed, it is important to be able to interpret it in terms of theoretical models that are realistic, i. e., include other available information about the system. Thus, one is led to consider moderately complex models; these models should not be too simple since they must be able to mimic the behavior of the investigated materials; nor should they be complex, since one must be able to determine unambiguously for each particular substance, from the calculated and the measured line shapes, the parameters of the model.
A physical problem in which the study of the optical line shapes has received much attention and proven to be particularly fruitful is the exciton problem. Excitons in molecular crystals have been investigated extensively by light absorption.
2 Since their properties, depending on the material and on the experimentally imposed conditions, vary widely, one obtained classes of excitonic line shapes that show considerable differences.
A classical phenomenologic approach to the excitonic line shape is due to Haken and Strobl. 3 In their case, the Hamiltonian is assumed to have the form (1.1)
Here, a; and a. are the creation and annihilation operators of an exciton with momentum k and energy E., respectively, while a~ and a" correspond to the exciton localized at the nth site of the lattice. The terms v" ... (t) represent stochastie fluctuations in the energy (n =m) and interaction (n* m) of localized excitons. These a) SUpported in part by the National Science Foundation. b)On leave from the Technische Universitiit M"linchen; work supported by the Deutsche Forschungsgemeinschaft.
fluctuations are due to the scattering of the excitons by lattice vibrations.
Haken and Strobl's assumption about V" ... (t) is that (V .... (t) ) =0 (1. 2) and that 3) implies that fluctuations at different times are uncorrelated and corresponds to the shortest correlation time limit of a Gaussian-Markov process. It relies on the assumption that the phase randomization of the normal mode lattice components is very fast compared to the exciton dynamics.
Sumi's approach 1 following Toyozawa 4 consists of relaxing this constraint; he assumes that the time dependence of Eq. (1. 3) is given by an exponentially decaying function, i. e., is a Gaussian Markov process with a specified rate y = l/T o' Since this renders the problem more complex, one is led to consider first only the fluctuations in site energy and to set (1. 4) It is this Hamiltonian that we will consider in the following. Note that y will be a measure of the phonon bandwidth or dispersion.
What remains to complete the characterization of the Hamiltonian (1.1) is now only to specify Ell as the function of k, i. e., the excitonic density of states. To simulate the density of states, one may use different shapes, the most usual being Lorentzians, Gaussians, or the hemicircular shapes of Hubbard. 5 It is the last one that Sumi used in determining by an iterative numerical method the line shape of Eq. (1.1) in the context of his dynamical coherent potential approximation,
In this paper, we show that many results for the line shape may be obtained analytically for the excitonic densities of state mentioned above (including the hemicircular form), by making use of a Kubo-type cumulant expansion. 6 -8 We recover the results of Ref. 1 for both the fast and the slow modulation limit; they fOllow indeed only from the assumed form of the Hamiltonian and are not due to the dynamical coherent potential approximation used by Sumi. 1 The paper is structured as follows: In Sec. II, we give the formula for the line shape and present the master equation that the exciton density matrix obeys. In Sec. III, we evaluate the line shape formula for different densities of state and present the explicit analytic solutions obtained; we also provide a comparison to the numerical results of Sumi. 1 In Sec. IV, we discuss the coherent versus incoherent exciton motion for different parameters of the model. Our summary and conclusions are found in Sec. V.
II. THE LINE SHAPE
The generalized cumulant expansion of Kubo s is a particularly suitable procedure for deriving line shape formulas when the fluctuating potentials are Gaussian random processes, since a local time description results. The general formula for the line shape The time dependence of (a.(t» may be found from the Heisenberg equations of motion [H(t) is defined in Eq.
where the superscript X is defined by Eq. (2.4). By transforming to the interaction representation and assuming that V nn(t) is a Gaussian-Markov process obeying Eqs. (1. 2) and (1. 4), we find in Appendix A that (2.5) where g(w) is the normalized density of exciton states. These are the formulas we will use to calculate the line shape.
In order to discuss exciton diffUSion, we will need the equation of motion of the exciton density matrix.lo,n The full density matrix of the system obeys the equation (2.7) and we want the equation of motion of the exciton density matrix a(t):
Using the fact that V(t) is a Gaussian-Markov process (see Appendix B) and transforming a(t) to the interaction representation a(t) as
we find for the diagonal elements
where Re means real part. Note that the multiplying factor of au in Eq. (2.10) is related to the exponent in Eq. (2.5).
III. EXCITON DENSITIES OF STATES AND OPTICAL LINE SHAPES

A. Densities of states
In the previous section, we pointed out that the exciton density of states g(w) enters the line shape formula (2.5) through gk(t) of Eq. (2.6), which is the Fourier transform of g(w) evaluated from E k • In order to evaluate the line shape, we must specify g(w), which in general is a rather complicated function of w. We expect, however, that the gross features of the line shape will not depend on the fine structure of g(w). We therefore use relatively simple expressions for g (w) or gk(t) while keeping a form which will resemble that of a real crystal.
The exciton band is assumed to have a width 2B, with a mean energy E III' The k = 0 state usually lies at the bottom of the band (Eo=E", -B) , or at the top of the band (Eo=E",+B) ; in rare cases, the k=O state may lie in the center of the band. We will consider only bands symmetric around Ell'
The simplest g(w} which we will treat is the Lorentzian This density of states allows us to evaluate most of the necessary formulas directly and is therefore extremely useful. However, because it does not vanish outside a finite width and has a very long taU, its use can lead to incorrect results if proper care is not taken.
The density of states close to that of a three-dimensional exciton band and yet still manageable analytically is the hemicircular shapes =0,
where J 1 (z) is the ordinary Bessel function of order one. This density of states mimi(!s the square root dependence at the band edges and so is expected to give a good description of line shapes.
Other possible densities of states are Gaussian
or the triangular or rectangular shapes. We will not discuss these less interesting forms, but note that they all lead to slight variations to the final results.
In the following discussion of line shapes, we will discuss only the Lorentzian and the hemicircular densities.
B. Line shapes
We are now in a position to evaluate line shapes by use of the above densities of states and Eq. (2.5). Let us define (3.7) which can also be written
In the line shape formula, there are three energy parameters: B, the exciton bandwidth; D, the exciton phonon coupling strength; and y, the inverse correlation time of the fluctuations (which should be related to the phonon dispersion). 
where we have put EM =0 for convenience. Then,
[_l+ (Y+B_iE) In the limit that (y/B) < 1, but 1'> 0, we use Eqs.
(3.19) and (3.20) (i. e., the hemicircular density of exciton states) in the form
These results will be examined and compared to Sumi's below.
Static fluctuations: 'Y=O, .E k = ± B
In the case that y =0, the static fluctuation case, for Ek = -B (the bottom of the band), we find, in the case of a hemicircular density of states,
BTa
(3.27) The integrations can be performed exactly in this case (see Appendix C) and we find 2DlI
If D «B, then only the long time limit of I k(t) is important in determining the integral (tB» 1) so that
The line shape is then non-Lorentzian (3.30)
In Appendix C. this integral is written in terms of exponentials and we find the full width at hali-maximum to be proportional to D 4 /B 3 , in agreement with Sumi. At this level of approximation, the line falls off more quickly on the low energy side of the peak than on the high energy side.
C. Comparison to earlier results
In order to compare our results to those of Sumi (for the same model Hamiltonian), we define the line narrowing factor
This is the ratio of the full width at hali-maximum of the absorption line for a particular set of B, D, and I' values to that for the Gaussian line (DlI»B2+y In addition, we find the peak position shifted by 2D21B to the red, again in agreement with Sumi. As remarked above, the line is very asymmetric, falling very slowly on the blue end of the peak.
IV. EXCITON DYNAMICS
The nature of exciton motion will be characterized by whether the mean free path of the exciton in a k state l(k) is greater or less than a lattice constant I al. If l(k) > I a I, we will call it band motion and if l(k) < I a I , we will call it hopping motion.
As we saw in Sec. II, the factor relating dU_/dt to ii is related to the real part of the factor in the expo- Sumi's analysis,l he finds, for ylD =0, (BID) ~O. 95 and for ylD = 1, BID ~ O. 7. Thus, the Lorentzian density of states gives good agreement with these results. The slight difference between Sumi's results and ours is that his criterion for the change from band to hopping is r .. = 2B. ThUS, his results for the limiting values of (BIn) are approximately a factor of 2-1/2 those of ours. For E. = 0 and a hemicircular density of states, we find (4.6a)
(4.6b) so that, fory/D=O, l(k» 1forBID>2andforyID=1, t(k» 1 for BID ~ 1.1. Thus, these results are again in good agreement with those of Sumi.
The mean free path depends on E_ in a rather complicated manner; however, for E,. near the band edges, the critical value of Bin decreases slightly. This decrease is small enough so that for qualitative results it is unimportant.
V. SUMMARY AND CONCLUSIONS
The analYSis presented in this paper is a straightforward application of the usual theories of line shapes and exciton dynamics. We have, following Sumi1 and Toyozawa, 4 introduced three energy parameters in the Hamiltonian: (1) the decay rate of the exciton phonon fluctuations y which can be taken to be a measure of the phonon bandwidth; (2) the exciton bandwidth 2B; and (3) the amplitude of the exciton phonon fluctuations D. Assuming that the exciton phonon coupling is a Gaussian-Markov process (with correlation time y-1) leads to an integral expression for the line shape and to a stochastic Liouville equation for the exciton density matrix.
In the limit D2 » B2 +y2, a Gaussian optical line results with half-width v'2ln2D. In the opposite limit, the optical line width becomes narrower (motional narrowing) and the peak shifts. As Y/D-00, the exciton phonon correlation function becomes a delta function of height D2/y and the optical line becomes a Lorentzian of the half-width D2/y. In the limit that BID gets very large (but y* 0), the line becomes Lorentzian (of halfwidth 2D21B for the band center).
As pointed out by Toyozawa and Sumi, 1 the ylD-00 limit is that treated by Haken and Strob1 3 and Haken and co-workers. 3 In the limit B -0, the present theory reduces to that of Kubo. 6 The ilnalysis presented here does not rely on the dynamical coherent potential approximation of sumi, 1 but instead on various approximations to the integrals appearing in the line shape function. This shows the general behavior which comes out of this model without much computation.
The present analysis can be extended and improved in a number of ways. First, the nondiagonal fluctuations can be treated [i. e., (Vn",(t) V"".) ] in the same manner. Although this is straightforward, it is tedious and introduces some complications. It is best left to another note. Secondly, the Urbach rule, which comes out of Sumi's analysiS, can be retrieved by our analysis only with more computation, which we felt would obscure the general pOint of this paper.
APPENDIX A: OPTICAL LINE SHAPE FORMULAS
We begin with Eq. (2.4):
In the interaction representation defined as 
and lk(w) is given by
I
For a Gaussian process, only the first two cumulants are nonzero:
We now use the explicit potential form of Eqs. (1. 2) and (1. 4). In the momentum representation, 
APPENDIX B: EXCITON DENSITY MATRIX EQUATIONS OF MOTION
Starting from the equation of motion of the density matrix and the definition of the interaction representation
we find where
Thus
5-(t) =(p(t))
Using the Gaussian nature of V(t) 
